Introduction
Essential as they are to energy saving, pollution control, and environment improvement, insulation problems promise to be a crucial research area for the foreseeable future. Several sciences are involved: civil engineering for the design of new buildings with more efficient energy consumption, physics and chemistry for research on new materials with better insulating properties, and mathematics for the study of the partial differential equations for heat conduction in the presence of insulating regions.
In this short note we present two problems related to optimal insulation. In both cases a domain Ω of ℝ is given. We assume it is a bounded open set with a regular boundary Ω. For simplicity we assume that Ω is a conducting domain with a constant conductivity coefficient, which we assume equal to one. The goal is to distribute around Ω a layer Σ of insulating material in some efficient way; the optimality criterion we use is described later. We describe the layer Σ by means of the tangential and normal coordinates on Ω:
where ( ) is the exterior normal versor to Ω at the point and the function ℎ describes the variable thickness. The index describes the average thickness of the layer and is taken very small (perhaps a few centimeters for a small house). The conductivity coefficient of the insulating material in the layer Σ is taken very small too. Finally, we assume that the temperature is zero outside the set Ω ∪ Σ .
The two problems we deal with are described below in precise mathematical form.
Problem 1.
We put in Ω a heat source ∈ 2 (Ω); after waiting enough time the temperature ( , ) approaches the stationary temperature ( ) that is the solution of the elliptic equation with transmission conditions at Ω (1)
Equivalently, the stationary temperature can be seen as the solution of the minimum problem on Note that when the heat sources are uniformly distributed the minimization of the energy functional above corresponds to the maximization of the average temperature.
The optimization problem we deal with consists in the optimal choice of the shape of the insulating layer Σ around Ω once the total amount of insulating material is prescribed. Stressing the dependence on ℎ of the energy functional and denoting by (ℎ) the quantity This applies for instance to the thermal insulation of a house as in Figure 1 or of a pipe as in Figure 2 . One of the most crucial questions in this field is: "Which parts have to be more protected?" For instance, in a radially symmetric body such as the igloo of Figure 3 , should we put a layer of insulating material with a constant boundary thickness? 
Problem 2.
The second problem that we consider after A.
Friedman [5] deals with a domain Ω as above, with a fixed initial temperature 0 and without any heat source. In this case the temperature decays to zero and our goal is to put the insulating material around Ω so that this decay is as low as possible. This applies for instance to the thermal insulation of a coffee pot as in Figure 4 . By the Fourier analysis of the corresponding heat diffusion equation, the decay of the temperature goes as − , where is the first eigenvalue of the elliptic operator written in the weak form as
Therefore, indicating by (ℎ) the first eigenvalue above, stressing its dependence on the function ℎ, Problem 2 reduces to finding
where ℋ is the class of admissible choices introduced in (3).
The Asymptotic Problem
In order to simplify our problems of optimal insulation, following a 1974 paper of E. Sanchez-Palencia, we consider the asymptotic model when both the thickness of the insulating layer as well as the conductivity coefficient of the insulator tend to zero. Following the so-called Gammaconvergence approach of earlier work of G. Buttazzo with E. Acerbi, we consider the functionals
• When ≪ the temperature goes to 0 at the boundary and the limit problem is the Dirichlet one, related to the functional
• When ≫ the normal derivative of the temperature goes to 0 at the boundary and the limit problem is the Neumann one, related to the functional
• When ≈ with > 0 the limit problem is a Robin type problem, involving both Dirichlet and Neumann boundary conditions, related to the functional
In the rest of this article we are in the framework of the last situation. We can reformulate Problems 1 and 2 in their asymptotic form, as and go to zero, with ≈ / . The asymptotic form of Problem 1 becomes
where ℋ is given in (3) and ℰ is the asymptotic energy
The Euler-Lagrange equation of the minimum problem above is
Denoting by ℎ its solution, multiplying both sides by ℎ , and integrating by parts gives that
Analogously, the asymptotic form of Problem 2 is given by
where (ℎ) is the first eigenvalue of the elliptic operator written in a weak form as Equivalently, (ℎ) can be written in terms of the Rayleigh quotient
Energy Optimization
The optimization problem (5) is a double minimization problem:
Interchanging the two minima we have that for every ∈ 1 (Ω) that does not identically vanish on Ω the best choice for ℎ is By uniqueness, if Ω = in ℝ and = 1 the optimal solution̄above is radial:
hence, the optimal thickness ℎ is constant. If Ω is not connected the optimal insulation strategy is different. Let Ω = 1 ∪ 2 in ℝ (union of two disjoint balls) and = 1. Then:
• if 1 = 2 = , any choice of ℎ constant around 1 and on 2 is optimal; • if 1 ≠ 2 , then the optimal choice is to concentrate all the insulator around the largest ball, with constant thickness, leaving the smallest ball unprotected as in Figure 5 . 
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For a square with a uniform heat source, numerical computation shows that it is best to concentrate the insulation on the middles of the sides, leaving the corners relatively cool, as in Figure 6 .
It is interesting to study the behavior of the thickness ℎ as the total amount of insulation → 0. P. Esposito and G. Riey [4] showed that the rescaled functions ℎ / weakly converge as measures to a probability measure concentrated on the set where the normal derivative 0 / reaches its minimal value, where 0 is the solution of the Dirichlet problem −Δ = , ∈ 1 0 (Ω). For instance, when Ω is a square, the region of concentration of ℎ / consists of the four middle points of the sides.
Eigenvalue Optimization
The second optimization problem (6) looks very similar to the first one, but its solutions behave very differently. A 1999 paper [3] claimed that for a ball the optimal insulation is uniform, but the argument works only if the total quantity of insulation is large enough [1] . Like problem (5), problem (6) is a double minimization problem; the optimal function ℎ is given by • if > 0̄i s radial, then ℎ is constant;
The threshold value 0 is determined as the unique such that = Λ, where
while Λ is the first nonzero Neumann eigenvalue
When the dimension = 1 no symmetry breaking occurs. In fact, in this case, the first nonzero Neumann eigenvalue Λ coincides with the first Dirichlet eigenvalue Λ 0 and so < Λ for every amount of insulation . Figure 7 shows computational optimal distributions for the unit disk and = 1, for two values of the total insulation . By (8), the insulation thickness is proportional to the temperature. 
Some Open Problems
In the presentation above we always considered Ω fixed; however it would be very interesting to seek the optimal shapes as well as the optimal ways of insulating them. The problems above look very difficult and we do not even have proofs that optimal shapes exist. It would be very interesting to prove (or disprove) the following facts.
• In the case of energy with a general heat source show that an optimal shape exists.
• In the case of energy with a uniform heat source show that the optimal shape is a ball. We can actually prove that the ball is stationary with respect to smooth perturbations of the boundary.
• In the case of the eigenvalue for temperature decay in dimension = 2, show that an optimal shape exists. If ≥ 3 it is easy to see that, taking Ω as the union of many disjoint small balls, the value (Ω) can be made arbitrarily close to zero.
• In the case of the eigenvalue for temperature decay in dimension = 2, the optimal shape is a ball if is large ( > 0 ). • In the case of the eigenvalue for temperature decay in dimension = 2, characterize the optimal shape (if any) when is small ( < 0 ). We can prove that if < 0 the ball cannot be optimal or even a stationary domain with respect to smooth perturbations of the boundary. 
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